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Fur jede Menge A 5 N sei A(n) die Anzahl der Elemente von A n [ 1, n]. Es wer- 
den die Dichten 
dA = lim inf A(n)/n, dA = lim sup A(n)/n 
“-X n-c.2 
deliniert und verschiedene Eigenschaften der “Dichtemenge” 
S(A)={(~~B,~B)E~W~~B~A} 
bewiesen. Eine besondere Rolle spielt dabei der Anstieg der Randkurve von S(A) 
im Nullpunkt. 0 1987 Academic Press. Inc. 
Soit A une partie de fV; on definit les densites 
dA = lim inf A(n)/n. dA = lim sup A(n)/n, 
n-z “-I 
od A(n) dtsigne le nombre d’eltments de A n [ 1, n]. Quelques proprietts de “l’en- 
semble des densites” 
S(A)={(~~,~B)EIW*~B~A} 
sont ttablies. Entre autres, on determine la pente de la frontiire de S(A) a 
I’origine. 8 1987 Academic Press, Inc. 
1. INTRODUCTION 
In the present paper we are concerned with certain relations between the 
asymptotic densities of a set A of natural numbers as well as its subsets on 
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the one hand and the lengths of gaps of A and the intervals of small local 
density on the other. 
We denote by N the set of positive integers. If a set A G N is given, we let 
A(n)=Card(uEAlOcasn) (n = 1, 2,...). (1) 
The lower and upper asymptotic density, to be denoted by dA and dA, 
respectively, are defined as the lower and upper limits, respectively, of the 
sequence A(n)/n as n tends to infinity. We shall consider the two-dimen- 
sional set 
S(A)= {(&dB)~a8~1BcAJ, (2) 
to be called the density set of A, which has been investigated by one of the 
authors [ 11. In the paper just mentioned, the following properties of the 
set S(A) have been established (see Fig. 1): 
(i) There exist two real numbers a and B, 0 5 a 5 /?r 1, such that 
the points (0, 0), (0, p), and (a, /?) belong to S(A); furthermore, if 
(x,y)eS(A) then Osxsa and xsv_Ip; 
(ii) S(A) is convex; 
(iii) S(A) is closed. 
Clearly, condition (i) implies that 4A = a and dA = /?. 
Conversely, it was shown that for any set SG R* satisfying (i), (ii), and 
(iii), there exists a set A with density set S(A) = S. 
In the sequel the letterfstands for the function whose graph is the lower 
part of the boundary of a set S satisfying conditions (i), (ii), and (iii). More 
precisely, 
f=fs: [O,a]-+[O,~]:.z-+~=f(z)=min(y~(z,y)~S}. (3) 
If A E N and n are given, we denote by /(A, n) the number of consecutive 
integers exceeding n which do not belong to A; furthermore we define the 
(upper) gap density of the set A by 
1 s;(A)5 +co. (4) 
Equivalently, if A = (m,, m,,...} then it is easy to see that 
1(A) = lim sup y. 
j-z I 
(5) 
Further below it shall be shown that the set S(A) is located above the line 
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y = 1(A) x, which is obviously equivalent to the assertion that the right 
derivative offat the origin is not less than the gap density: 
D,+ (0) 2 /l(A). 
Indeed, if y 2 I(A) x for all (x, y) E S, then f(x) 2 A(A) x for all x E [0, LX] 
and thus D./’ (0) = lim,l, (f(h)/h) >= I(A ). Conversely, if y, < A( A ) x0 for 
some point (x0, yO) E S, then convexity implies that the line segment I from 
(0,O) to (x,, yO) belongs to S. But sincefdetermines the lower boundary of 
S, one would have 
DT (0) 5 slope of I< J(A). 
Moreover, we shall show (Sect. 3) that all cases compatible with 
relation (6) are possible: Given any set SG R2 satisfying (i), (ii), and (iii), 
and a real number I such that 15 Is D,? (0), f=fs, then there exists a set 
A of integers such that S(A) = S and A(A) = 1. 
In Section 4 some additive properties of the gap density shall be 
established. Section 5 shall be devoted to a characterization of the slope 
D,+ (0) of the functionf corresponding to a given set A in terms of the 
lengths of intervals in which the set A possesses “few” elements. 
The final section (Sect. 6) is concerned with proving the fact that, if two 
sets S,, S2 E R2, SZ c S, , are given, each satisfying conditions (i), (ii), and 
(iii), then there exists two sets A,, A, such that A,sA,, S(A,)=S,, and 
S(A,) = s2. 
All the results of this paper can be extended to so-called “generalized 
densities” (cf. [l, 21) of the following type: Let cp(n) be a positive, 
real-valued function such that C,“= i q(n) diverges and q(n)+ 
Cy:j Jcp(i+ 1) -q(i)/ =0(x7= I q(i)), then d,A and d,A are defined like 
dA and dA, replacing A(n)/n by A,(n)/@(n), where 
A,(n)= c da) and G(n)= f q(i). 
O<u6n i=l 
UEA 
Thus our results on gap densities lend themselves to generalizations, 
replacing n(A) by 
2, (A) = lim sup @(n + 44 ~1) 
n-z Q(n) 
We shall not go into the details. 
.441/26/2-2 
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2. PRELIMINARIES 
In addition to the definitions mentioned in the Introduction and those 
which will be introduced in order to formulate the theorem of Section 5, we 
shall continually use the following notation with regard to a set S of the 
plane R2 satisfying conditions (i), (ii), and (iii). 
The function f=fs defined by relation (3) is concave and consequently 
has certain properties to be used frequently in the sequel: (1) f is a con- 
tinuous and strictly increasing function; (2) the derivative Df(z) of the 
function f exists at all points z in the interval (0, CI), with at most 
denumerably many exceptions; (3) the left and right derivatives, D; (z) and 
D,? (z), exist at all points z E (0, 3); furthermore D; (0) exists while D,- (x) 
may be infinite; (4) we have D, (z)s D,+ (z) for all ZE (0, c(); (5) if 
O<z<z+a<a, then D,? (z)$ (f(z+c)-,f(z))/cs 0;~ (z+E); (6) D,(z) is 
a continuous function of z at each point z, where j” is differentiable. 
We shall also have to make use of the inverse function of the mapping 
z + D,(z), to be denoted by g. In order to define g we have to consider 
possible points of discontinuity of D.,. and also possible intervals on which 
D,r(z) is constant. 
The reader may find it helpful to compare each of the relations (7)-( 12) 
below concerning the general situation with the concrete form which these 
relations assume in the example given at the end of this section (Fig. 1). 
We proceed as follows: Let 2 = {zi Ii E N } be the set of points zi E (0, a) 
for which f is not differentiable. Then we define the “complete” graph of the 
derivative off by letting 
6 = {(z, D/(z))lz E (0, a)\Z} 
u ,vN ((;~y)lD~(zi)~~~D.f(z;,> 
i > 
“{(O,~)ll~;~DDf(O))~((~,y)lD,-(~)~y}, 
where the last component is empty if D; (a) = + cx). 
With each real number ~2 1 we associate the number 
g(u)=min{zE [0, ~]l(z, u)E~}. 
(7) 
(8) 
We observe that this definition amounts to letting 
g(u)=min{zE [0, a]lD.; (z)~u~D,+ (z)}, (9) 
allowing the values Dy (0) = 1 and D,? (~1) = + GO. 
1 
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FIGURE 1. 
The function g is increasing and integrable. In the sequel we shall also 
use the integral mean of g, i.e., the function 
G(u) =L Jug(t) dt, 
U-l 1 
u>l (10) 
Each of the functions D; and g is the inverse of the other, in the sense 
described above. Hence it follows that, for every u 2 1 (see Fig. 2), 
{,“g(t)dt+Jb;“) D,- (t) dt = zig(u), (11) 
which implies 
! g(t) dt = Mu) -f-k(u)). (12) 1 
EXAMPLE. Suppose that S is as in Fig. 1. The functionf is defined on 
[0, CC] and its graph is the lower part of the boundary of S. This particular 
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- + 
A = Df(a) = Df(zl) 
B = Df(zl) 
C = D;(O) 
1 
a 
=1 
e = go4 
FIGURE 2 
functionf is differentiable at every point of (0, CZ) except at z,. We have 
1 CD; (0) and, for all z, z, <z < CI, 
DY(z) = D,+ (z,) = D,- (cI). 
The complete graph 8 and the graph of the function g are given in 
Fig. 2. Relation (11) is due to the fact that the graph of g is the symmetrical 
image of the graph of 8 with respect to the first bisector (b). 
3. GAP DENSITY AND THE SET S(A) 
THEOREM 1. Gioen a set SE IL!* satisfying (i), (ii), and (iii), and a real 
number ;1 with 1 5 15 D,+ (0), then there exists a set A c N with density set 
S and gap density 2. 
ProoJ: (a) If S= ((0, 0)) then the assertion states that there exists a 
set A with dA = 0 and any prescribed gap density /z 2 1, which is clearly 
true. 
(b) If Sf ((O,O,>, we first consider the following exceptional cases: 
ON DENSITIES AND GAPS 135 
(b.1) D,? (0) = 1. As A= 1 by assumption in this case, any set A 
with S(A) = S satisfies the assertion. 
(b.2) D,+ (0) = co. In this case the set S, being convex, equals the 
line segment [(0, 0), (0, /?)I. Hence any set A with &4 = 0, cZ~ = p, and gap 
density ;1 satisfies the assertion, e.g., 
A 1 = (j (n!, n! + l,..., cc1 +ILWlI ifA= co, 
n=l 
where 
Yn= Ml-B) 
1 
forallnz 1 ifO</3< 1, 
h iffl= 1, 
A, = A, u {[Al, cn*1> CA’I,...} ifA<co. 
(c) In the remaining general case, where S# ((0, 0)}, 1 -CD,+ (0) < co, 
the proof is subdivided into ten steps. In steps (l)-(4) we construct a set A, 
showing in steps (5k( 10) that it has the requested properties: 
(1) If 2 = 1, let (A,),, N be a decreasing sequence of real numbers 
with D,j+ (0) 2 A,,> 1 and lim,, 3c 1, = 1. If A> 1 it suflices to let 
J,=I,= ... =A. 
(2) Let a, E N, 6, E N, U, E R’ be numbers, to be determined later, 
such that 
a,<a,u,<b,<a,+, (n = 1, 2,...), 
and let d,, = G(u,), where G is the function given by (10). Then we define 
the set A as follows: 
(2.1) In each of the intervals [a,, a,~,] (n = 1, 2,...) we let 
where k, is determined by the relation 
[ I x-,+1 4 ’ (13) 
Thus the set P, is an “almost arithmetic progression” whose density is close 
to d, as k, tends to infinity. 
(2.2) In each of the intervals [a,,~,, b,] (n = 1,2,...) we define a 
set Q, as containing all integers, i.e., we let 
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(2.3) In each of the intervals [h,,, a, + , ] (n = 1, 2 ,... ) we let 
{b,,+[;] lk’=O,l,..,, k;,j =:R,, 
where 
k:, = CP(un+ , - b,)l. 
Hence R, is an “almost arithmetic progression” whose density tends to j?. 
Finally, we let 
The ensuing behavior of the counting function A(m) is shown by Fig. 3, 
with numbers in parentheses indicating the approximate slope. 
(3) In order to determine the numbers a, and U, we proceed as 
follows: Let a, = 1 + [ l/cc(A, - l)], ui =2, 6, =aiui + 1, and suppose, if 
some n > 1 is given, that a,, b,,, and u,, have already been defined for all 
v < n. 
A(m) 
/ 
/ 
0 %%I 
FIGURE 3 
L 
b n 
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If n is even, we define U, > Df+ (0) in such a way that the set (uZrn Im E N } 
is dense in (D,+ (0), co). Then we choose a, such that 
( 1 an’max bn-lr (A,- 1) G(Q . 1 
If n is odd we first choose the integer a, such that 
( 1 a,>max b,-,, (n,- l)a ; > 
thereafter we define the real number U, such that u,, > p,+ (0) and 
1 
G(un) = (A, - 1) a,,’ 
(14) 
(16) 
Such a number U, exists uniquely since the function G(u) is continuous for 
all ~2 1, strictly increasing for u 2 DT (0), satisfying G(u) =0 if 
15 u s L); (0) and, furthermore, G(U) + CL as u + co. 
(4) It remains to determine the numbers b,. Let n > 1 be given and 
suppose a,, 4, and b,, have already been determined for all v <n. Then it 
follows from the definition of the set Q, that we can always ensure, by 
choosing b, > a,~, sufliciently large in relation to a,~, and to A(a,u,), that 
where (E,) is a strictly decreasing sequence converging to zero. 
(5) In order to show that 2(A) = 1 we will use the definition of gap 
density in the form (5). It is then clear from step (2.2) that this upper limit 
is attained for some subsequence of elements of A = {m,, m2,... > belonging 
to the sets 
P=fiP, or R= ij R” 
n=l n=l 
butnottoQ= c Q,, since lim - - mj+l-l 
“=I j+cc mj m,eQ 
Furthermore it is evident that, in order to compute the 
lim SUPj+ m mj+ 11 m j, restricted to mj E P or to mj E R, it suffices to consider 
the smallest element mj of each of the sets P, and R,. Applying this obser- 
vation to the set R we obtain 
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Therefore we only have to consider the sets P,, thus having 
A(A ) = lim sup an + Cl/d1 
n - ,I Lf,, 
Keeping in mind that d, = G(u,) and using the relation (14) we lind 
1 +$$A” 
” n 
(18) 
for all even n. If n is odd, it follows from (16) that (18) holds with an 
equality sign. Hence A(A ) = lim, _ a, 1, = I, as claimed above. 
(6) Now consider any set A of positive upper density B and a num- 
ber w  with O< ~55 Then there exists a unique point (z, w) on the right 
boundary of the set S(A). Indeed, for UT 5 y in the sense of Fig. 1 this 
follows from the mean-value theorem, applied to the continuous functionf, 
whereas for values w  E [y, /?I convexity of the set S(A) implies that 
(a, w) E S, since (CI, y) E S and (CI, B) E S. 
It was shown in [ 1, Lemma 31 that this point (z, w) corresponds, in par- 
ticular, to the set B= B(A, w) which is defined recursively by the relation 
B=A~(~ENJB(~-l)+l~wn}. (19) 
In other words, the set B is obtained by examining the elements of A in 
their natural order, retaining those numbers n E A as elements of B for 
which this yields B(n),Jn =< NJ. 
(7) Up to now we have considered a set Sz [w’ satisfying con- 
ditions (i), (ii), (iii) of Section 1, as well as a set A c N constructed by the 
steps (2), (3), (4) of this proof. We are going to show that this set A has the 
density set S(A) = S. 
By the construction of A (see step (3)) it is obvious that dA =p. 
Choosing now a fixed number u’ with 
O<wgfl=dA, (20) 
we shall consider the corresponding set B = B(A, ~1) described in step (6), 
and we shall show that the lower density z = dB is equal to the abscissa of 
the corresponding point (z, w) on the boundary of S. Letting 
Y=min{yl(a,y)ES} 
(see Fig. l), we have to distinguish two cases: 
(7.1) If y 5 w  5 p we have to show that @ = cr; 
(7.2) if 0 < u’ < y we have to show that dB = z such that f(z) = MI 
in the sense of (3). 
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(8) We now apply the procedure described in step (6) to the set A 
defined above (see Fig. 3). We shall derive a formula for the density 
dB(A, w), showing that 
B(anurJ dB(A, w) = lim inf -. 
n-m a,u, (21) 
From the definition of the set A (see again Fig. 3) and of the thinning 
procedure (19) it can be shown inductively that 
Osa,w-B(a,)gl+l/p (n = 1, 2,...) (22) 
and hence dB = w  = lim, _ cn B(a,)/a,. 
For given n we distinguish two cases: 
(8.1) If G(u,) = d, < w, then the sequence B(x)/x will decrease 
monotonically on the interval x E [a,, a,~,] as an inspec- 
tion of the construction of A and B will show. It can be 
proved inductively, using (22) that all elements of the set 
P,, survive the thinning procedure (19) in this case, which 
implies that 
B(a,u,) = B(a,) + A(a,u,) - Ata,). (23) 
(8.2) If G(u,) = d, >= w  then the thinning procedure (19) replaces 
the set P, by a subset B n [a,,, a,,~,] such that B(x)/x + w 
as x runs through all such intervals [a,, a,,~,]. Hence they 
may be disregarded for computing the lower density dB in 
this case. 
Similarly, it is clear that the sets Qn and R,, consisting of blocks of 
consecutive integers and of almost arithmetic progressions of density w, 
respectively, do not affect the density dB. Thus we have, by (23) 
B(anurJ dB = lim inf - 
n-m 
G(u,) < IO anun 
= lim inf Wan) + 4anun) - 4~) 
n-92 
G(u.) c H’ anun 
An application of (22) allows us to restate the last equation as 
dB= liminf a”w+4a”un)-4aH) 
n+cu 
Glu,) < * 
4 4 
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BY (13L 
k,,=A(u,u,,)-A(G)= CG(u,,)a,(u,- 111 
and thus 
dB = lim inf u’ + G(un)(u, - 1). 
n + SC.2 
G(u,) < H’ 
u?I 
from which it follows by means of (10) and (12) that 
(24) 
where z, =g(u,) and w, =S(z,). 
(9) In order to show that dBzz, where (z, w) is the point on the 
boundary of S considered above, it suffices, in view of (24), to establish the 
inequality 
for all n with G(u,) < w. 
If w  > w,, this follows from the fact that, by (9), 
(25) 
u, 5 Df (z,) 5 w--, 
z-z* 
where the last inequality is implied by the convexity of the set S. 
If ws w, we have, by a similar argument, 
from which (25) follows again. 
(10) In order to show that _de = z we only need, in view of (24) 
and (25), to prove that there is an infinite subsequence of indices n for 
which the quantity z, + (w - w,)/u, either equals the number z or con- 
verges to it. We distinguish several cases: 
( 10.1) If y 5 w  5 b (see Fig. 1) we have 2 = cy. The proposition 
follows trivially since dB=< &4 = a = z and dB2 z by 
step (9). This proves the proposition (7.1) for the case 
under consideration. 
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(10.2) Let O<w<z. 
(10.2.1) If D,F (z) < D,+ (z) then the function g(u) is constant 
on the interval [Dy (z), 0; (z)) (see Fig. 2). Thus, 
letting (u,,(~,) be a subsequence of (u,) tending to 
$(D,; (z)+DF (z)), we have z~~~,=~(u,,(~,)=z and 
hence 
for all sufficiently large j. 
(10.2.2) If D/(z) exists then we consider an increasing sub- 
sequence (2.~~)) of (u,) converging to Df(z). Then it 
follows from (7) that either z,(,) tends to z and thus 
W n(jj =f(~,,~,) tends to w, or z,(~) tends to some limit 
z0 <z, giving rise to the case where the points 
(z,,,j(z,)) and (z,f(z)) determine a line segment 
belonging to the graph off; in other words, 
f(z) -f(zo) = D (z), 
2 - 50 .I 
Consequently, we have 
= z +f(z) -I-(%) = z 0 
D./(z) ’ 
As we now have shown, the two sets S and S(A) are both contained in 
the rectangle [0, a] x [0, /?I; each contains the points (0, 0), (0, j), (a, p) 
on its boundary, and they have the same lower boundary f, in the sense of 
(3). Both sets being convex, they must hence be equal. This completes the 
proof of Theorem 1. 
4. ADDITIVE PROPERTIES OF GAP DENSITY 
Given two sets A and B of integers, their sum-set is defined as 
A+B= (a+b(aEA,bEB}. 
In particular, we use the customary notation A + A = 2A and 
hA=(h-l)A+A (h = 3, 4,...). 
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THEOREM 2. If A and B are ir@nite sets oj‘ natural numbers with 
I < >.(A ) < -I- cc and 1 < d(B) < + XI then, letting i(C) - 1 = K(C), C s N, 
(26 1 
Proof: Let E > 0 be given, then all elements a E A, a 2 a(c), satisfy 
a + l(A, a) 
5 l.(A ) + & 
a 
and hence 
a2 U,n) 
-A(A)- l+&’ 
Now we let Ai = {a E A la 2 a(E)}, defining BL analogously. Thus we have 
l(A+B)IL(A;+B;)= li+mhsu~ 
a+b+l(Ai+B:,a+b) 
a-tb 
a+bEA;+%; 
Let m = min{I(A, a), I(B, 6)). Clearly, /(Ai + B:, a + b) 5 m. Letting 
we obtain 
$(a, b)z ItA’ a) 44 6) 
A(A)- 1 +E+I(B)- 1 +E’ 
ti(a,b)Z m m 
A(A)- 1 +E+I(B)- 1 +E 
for all a 2 a(c), b 2 b(c). Therefore, 
~ 1 + (4~4) - 1 +&MA(B) - 1+ E) 
L(A)+i(B)-2+2& 
Since this is true for all E > 0, the inequality (26) follows. 
Remark. No meaningful lower bound on A(,4 + B) exists. Given values 
i,, 1, with 1 5 Ais + co (i= 1, 2), there exist sets A and B such that 
A(A) = A,, ii(B) = AZ, and A(A + B) = 1. Let us take, for instance, two sub- 
sets A and B of rQ with Au B= f+J and A nB= (0). Then we have 
A + B= N, which gives 1(A + B) = 1. Certainly, we can arrange the gaps in 
A and B here in such a manner that ,4(A) and A(B) have any given value. 
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THEOREM 3. For any infinite set A 5 N, the relation 
j42A)Iv - (27) 
holds. 
Pro@I The second inequality in (27) is a special case of Theorem 2. In 
order to establish the first inequality we may assume that I(A) > 2. We 
consider a set A of the form 
A= {a,<a,< ‘.. <ai< . ..}. 
Let IS N be a sequence of indices such that 
lim f.%! = i(A). 
is/ ai 
For each i E Z, the number 2ai belongs to 2A and the element of the set 2A 
following it is a,, , + min A. But 
lim 
a,+,+minA A(A) =-) 
ief 2a, 2 
from which the proposed inequality follows. 
COROLLARY. IfA( + co then l(hA)= + 0~) (h=2, 3,...). If,l(A)< + cc 
then 
lim A(hA) = 1. 
h+rn 
5. THE SLOPE OF 8s AT THE ORIGIN 
Let A be a set of nonnegative integers, and let us consider the functionf 
associated with the set S(A). We shall give a characterization of the slope 
of the boundary 8s at the origin or, in other words, of the right derivative 
D,? (0) of the function fat that point, in terms of the asymptotic behavior 
of the lengths of those intervals in which the set A has few elements. By 
“few elements” we mean the following: First assume that cx = dA > 0. Given 
a real number E, OS&CCL, we let 
l(A,~,n)=max(Z~NIA(n+q)-A(n)scq (q = 0, L..., 4> (28) 
and 
I(A, E) = lim sup 
n + &A, E, n) 
n-rm n ’ (29) 
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In particular, ,?(A, O)=A(A) as defined by (4). The function A(A, E) is 
increasing with respect to E and it possesses a limit, 
lim L(.4, a) =: A(A, 0 + ) 2 A(A. 0). 
cl0 
THEOREM 4. For any set A with dA > 0, the equation 
D;(O)=&A,O+) 
is valid. 
For the proof we shall use the following lemma. 
LEMMA. For any set B z N, the inequality 
~B~L(B,o+ )dB 
holds. 
ProoJ If A( B, 0 + ) = 1, the assertion is trivial. Suppose that 
L(B, 0 + ) > 1 and let numbers E, si be given such that 
O<E~ <c<A(B,O+ )- 1. 
Then the definition of 2(B, E) implies that there exist mutually disjoint, 
non-degenerate intervals [a,, p,], [a,, pz],... such that 
B(x) - B(a,J < E < B(P, + 1) - Ha,) 
x-an = p, + 1 - a,, 
for x = a, + l,..., p,,, and 
p,=a,+l(B,~,n)~a,~(B,~)(l-E,) for n = 1, 2,..., 
and therefore, 
B&J dB 2 lim sup - 
,I - 00 a,, 
,limsupB(~J-&(~n-an) 
= 
n-rm a, 
zL(B, s)(l -s,)limsup B(PJ - E(P, -a,) 
n-cc PII 
&1(B, &)(l -ei) B(P,) liminf--8 
n-c2E Pn 1 
zA(B, e)(l -~~)[cjB-~1. 
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Now letting Ed, and thereafter, E tend to zero, we obtain the proposed 
inequality. 
Proof of Theorem 4. (1) Given a real number E, 0 < E < dA, let us 
denote by B, the subset B= B(A, E) of A defined by the thinning 
procedure (19). This set satisfies dB, = E, and if CZ A with dC = E then 
&I dB,. -- 
(2) Applying the lemma to the sets B,sA, we obtain the inequality 
o’tw=~Lo dB = ELO tm~>lim1(B,, +)~I(A,O+). 
- E 
(3) It remains to show the opposite inequality, i.e., 
Df’ (0) 5 &4,0 + ). 
If cJB, = dB, for some E > 0 then D + (0) = 1 and the inequality is trivial. 
Suppose cJB, < dB, for all E, 0 < E < d A. Fix E and consider a strictly increas- 
ing sequence (qn) of integers, satisfying the following three conditions: 
(a) lim,, o. 4 (qn )/qn = dB, 3 
(b) B,(q,Yq, 5 f(@, + +J, n = 62 ,..., 
(c) for each n = 1,2,..., there is at least one integer 
(qH, qn + 1) belonging to A but not to B,. 
For n = 1, 2,..., let 
Then it follows from the definition (19) of the set B, that 
B,(c,) + 1 >E2B,(cn) -. - 
C” cn 
Hence 
lim BE(C”),g=~B 
n+m c, 
6. 
The sets A and B, coincide within each of the intervals 
sequently, 
in the interval 
Cc,, 4J. Con- 
A(q,) - A(G) = &(qn) - B,(G) 5 4qn - cn) (n = 1, 2,...). 
Thus, if &I > 0 is given, 
F 5 2(A, E)( 1 + E,) forallnZn,(E,c,). 
n 
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Hence we have 
dB,= lim Bs(qn) B,(c,) -2lim sup- 
n 4 *co qn n-r qn 
1 
> Be (cn 1 lim sup - 
=A(A,&)(l+&,) n-5 C, 
1 
= I(4 E)(l + 6,) 
LIB,. 
Letting e, and, thereafter, letting E tend to zero, we obtain the inequalities 
and 
2 5 A(A, E) 
- E 
Ilf (0) = lim 
CtB 
clA(A,O+), 
E+o_dB,- 
which completes the proof. 
6. PAIRS OF DENSITY SETS WITH Sz~S,. 
The following theorem holds: 
THEOREM 5. If two subsets S, and S, of Rz are given, each satisfying 
conditions (i), (ii), and (iii), such that S2 E S,, then there exist two sets A, 
and A2 of natural numbers, having S, and S,, respectively, as density sets, 
such that A25A,. 
ProoJ (1) If CQ = 0 then it was shown in [l] that each set Al with 
S(A,)=S, contains a subset A, with dAz=O, dA2=pz, O~/?,~~,=dA, 
such that S(A,) = S, is a line segment on the axis of upper densities. 
Henceforth we assume that 
(2) We consider the functions G,(u) and G,(u), associated with S, 
and Sz, respectively, as defined by (10). It will be shown that 
G, (u) 2 G,(u) forallu> 1. (30) 
By (12) this assertion is equivalent to 
(31) 
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where zi=gi(u), wi=fi(zi) (i= 1,2,). The following three cases are dis- 
tinguished: 
(2.1) If zi = z2 then the relation (31) is evident. 
(2.2) If z, > zz one has, by the property (9) 
since the inclusion Sz 5 S, implies UT? = fi (s2) >=fi (z2). 
(2.3) If z1 <z2 we obtain, again applying (9) 
Thus (3 1) holds in all three cases. 
(3) In order to construct two sets A,. A, with the asserted properties 
we proceed as follows: Let (u,,) be a sequence of real numbers U, > 1 which 
is dense in [ 1, co). We define subsets of A i (i = 1,2), 
Af*=A,nIlu,,%%l (i= 1,2;n= 1, 2 )... ), 
of local density dg’. We shall define A, and A, recursively in such a way 
that, as n tends to infinity. 
d;‘=G,(u,)+o(l) (i= 1, 2). (32) 
This can be accomplished as follows: If G, (u,) = 0 we let AA = a; 
otherwise. we define 
Now we let At= 0 if G,(u,)=O; otherwise, we define 
,d;=jun+[&[#k]] / k=O, l,...,k:‘j, 
where k!,‘) and kL2’ are the largest integers for which the sets A!, and Ai so 
defined are contained in [a,, a,~,]. It is easy to verify that the relations 
(32) are indeed satisfied. 
(4) Within the intervals (a,~,,, a,, ]] we define A, and A1 in such a 
way that their local densities are close to fi, and p?, respectively, by letting 
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where hj,‘) and A!,*’ are the largest integers for which the sets 2; and 2: so 
defined are contained in (a,~,, a, + r 1. 
It remains to define the successive choice of the numbers a,. Suppose 
a, = 0 and a,, a2 ,..., a, have been determined, satisfying a0 < a, < . . . < a,. 
Since the local densities of AA and Ai converge to /I1 and /I*, respectively, it 
is possible, given a sequence (E,) JO, to choose a, + r large enough to ensure 
that 
os!l;- 
Ai(an+ 1) 
SE n+l (i= 1,2), 
ant1 
where 
A;= fi @;“A;) (i= 1, 2), 
j=O 
thus obviously satisfying the condition A2 s A,. 
By an argument which is quite analogous to that which we have used in 
the proof of Theorem 1 it can now be shown that A, and A, have the den- 
sity sets S, and S,, respectively, completing the proof of the theorem. 
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